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A discrete-time Quantum Walk (QW) is an operator driving the evolution of a single particle
on the lattice, through local unitaries. Some QW admit, as their continuum limit, a well-known
equation of Physics. In [1] the QW is over the honeycomb and triangular lattices, and simulates the
Dirac equation. We apply a spacetime coordinate transformation upon the lattice of this QW, and
show that it is equivalent to introducing spacetime-dependent local unitaries —whilst keeping the
lattice fixed. By exploiting this duality between changes in geometry, and changes in local unitaries,
we show that the spacetime-dependent QW simulates the Dirac equation in (2 + 1)–dimensional
curved spacetime. Interestingly, the duality crucially relies on the non linear-independence of the
three preferred directions of the honeycomb and triangular lattices: The same construction would
fail for the square lattice. At the practical level, this result opens the possibility to simulate field
theories on curved manifolds, via the quantum walk on different kinds of lattices.
I. INTRODUCTION
Quantum walks. QWs are dynamics having the fol-
lowing characteristics: (i) the state space is restricted to
the one particle sector (a.k.a. one ‘walker’); (ii) space-
time is discrete; (iii) the evolution is unitary; (iv) the
evolution is homogeneous, that is translation-invariant
and time-independent, and (v) causal (a.k.a. ‘non-
signalling’), meaning that information propagates at a
strictly bounded speed. Their study is blossoming, for
two parallel reasons.
One reason is that a whole series of novel Quantum Com-
puting algorithms, for the future Quantum Computers,
have been discovered via QWs, e.g. [2, 3], or are bet-
ter expressed using QWs, e.g the Grover search. In
these QW-based algorithms, the walker usually explores
a graph, which is encoding the instance of the problem.
No continuum limit is taken.
The other reason is that a whole series of novel Quan-
tum Simulation schemes, for the near-future simulation
devices, have been discovered via QWs, and are better
expressed as QWs [4, 5]. Recall that quantum simula-
tion is what motivated Feynman to introduce the concept
of Quantum Computing in the first place [6]. Whilst
an universal Quantum Computer remains out-of-reach
experimentally, more special-purpose Quantum Simula-
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tion devices are seeing the light, whose architecture in
fact often resembles that of a QW [7, 8]. In these
QW-based schemes, the walker propagates on the square
lattice, and a continuum limit is taken to show that
this converges towards some well-known physics equation
that one wishes to simulate. As an added bonus, QW-
based schemes provide: 1/ stable numerical schemes,
even for classical computers—thereby guaranteeing con-
vergence as soon as they are consistent [9]; 2/ simple
discrete toy models of the physical phenomena, that con-
serve most symmetries (unitarity, homogeneity, causal-
ity, sometimes even Lorentz-covariance [10, 11]—thereby
providing playgrounds to discuss foundational questions
in Physics [12]. It seems that QWs are unraveling as a
new language to express quantum physical phenomena.
Whilst the present work is clearly within the latter trend,
technically it borrows from the former. Indeed, the
QW-based schemes that we describe depart from the
square lattice, to go to the honeycomb and triangular
lattice—which opens the way for QW-based simulation
schemes on trivalent graphs.
Motivations. A motivation for this work is the pos-
sibility to describe and implement the quantum simula-
tion of certain physical systems, without the need to rely
on the square lattice architecture. Rather, one would
like to phrase a quantum simulation scheme in terms of
naturally occurring lattices in well-controlled substrates.
Examples of this class are the simulation of condensed
matter systems modeled by a tight-binding Hamiltonian,
such as graphene [13] or the Kagome lattices [14]—where
the dynamics of electrons can be effectively recast as a
Dirac-like equation. In fact the QW introduced in this
2paper may be useful as a simple point of departure to
predict electronic transport properties in the graphene
like-materials [15] and exploring how varying their ge-
ometry may influence the dispersion relations, and lead
to topological phases [16], with interesting consequences
on the conducting properties.
Another motivation for this work is to understand how
fermions would propagate if spacetime were a triangu-
lated manifold, at the fundamental level. Indeed, tri-
angulated manifolds are being used to describe curved
spacetime since [17]–when Regge introduced his simpli-
cial, discrete formulation of General Relativity. This dis-
crete formulation then motivated a number of quantum
gravity theories, such as Loop Quantum Gravity [18]
and Causal Dynamical Triangulation [19]—which seek
to recover Regge calculus in the classical limit. Most
often quantum gravity research focuses on the core is-
sue of the quantum dynamics of discrete spacetime it-
self—overlooking the question of how matter would prop-
agate within the discrete spacetime structure it pre-
scribes. The present ideas may help address the question.
Duality. In a previous work, we showed how a QW
can be defined on the honeycomb and the triangular lat-
tice [1] (see also [20]), whose continuum limit is the Dirac
equation in (2 + 1)–dimensional spacetime. Here, we ex-
tend these definitions to allow for spacetime dependent
local unitaries, and introduce a dynamics that, in the
continuum limit, corresponds to the Dirac equation in a
curved (2 + 1)–dimensional spacetime.
The construction, we feel, is interesting. Indeed, given
a lattice made of equilateral triangles, we begin by dis-
torting the metric just via a coordinate transformation,
following the initial step of the derivation of the Dirac
equation in ordinary curved spacetime. But then we re-
alize that the coordinate transformation can be absorbed
by a suitable choice of the three gamma matrices that are
associated to the three directions provided by the trian-
gles—a possibility offered by the fact that these three
directions are, of course, linearly-dependent in the plane.
Recall that the role of the gamma matrices is to prescribe
a basis of the spin, in which spin up goes one way, and
spin down goes the opposite way. In the QW, the local
unitaries implement precisely the corresponding changes
of base. Thus, the gamma matrices determine the lo-
cal unitaries in the QW. This, therefore, unravels an
equivalence, in the continuum limit, between changing
the actual geometry of the lattice, or keeping it fixed but
changing the local unitaries in a suitable manner. The
final step is to allow the local unitaries to be spacetime
dependent and take the continuum limit, thereby recov-
ering the Dirac equation in curved spacetime.
Notice that having three directions in two-dimensional
space, as in the honeycomb or triangular lattices, is what
provides that extra degree of freedom allowing for the
transfer of the geometric distortions into the local uni-
taries—the square lattice is too rigid in this respect.
Related works. It is already well known that QW can
simulate the Dirac equation [4, 5, 9, 21–24], the Klein-
Gordon equation [25–27] and the Schrödinger equation
[28, 29] and that they are a minimal setting in which
to simulate particles in some inhomogeneous background
field [30–34], with the difficult topic of interactions initi-
ated in [35, 36]. Eventually, the systematic study of the
impact inhomogeneous local unitaries also gave rise to
QW models of particles propagating in curved spacetime.
This line of research was initiated by a QW simulations
of the curved Dirac equation in (1 + 1)−dimensions, for
synchronous coordinates [31, 37], and later extended by
[38] to any spacetime metrics, and generalized to further
spatial and spin dimensions in [39, 40]. All of these mod-
els were on the square lattice: to the best our knowledge
no one had modeled fermionic transport over non-square
lattices. The present paper shows that over the honey-
comb and triangular lattices the problem becomes con-
siderably simpler, and the solution elegant.
In a recent work [41], quantum transport over curved
spacetime has been compared to electronic transport in
deformed graphene, where a pseudo-magnetic field em-
ulates an effective curvature in the tight-binding Hamil-
tonian (see also [42]). Back to the quantum computing
side, the Grover quantum search algorithm has been ex-
pressed as a QW on the honeycomb lattice in [43] (and
also in [44] with continuous time). Again for quantum
algorithmic purposes, [45] studies the possibility to use
graphene nanoribbons to implement quantum gates.
Plan. The paper is organized as follows. In Sect. II
we remind the reader of the basic concepts and notations
surrounding the Dirac equation in a curved spacetime, in
(3+1) and (2+1)—dimensions. In Sect, III we revisit our
earlier Dirac QW on a honeycomb and on a triangular
lattice, and why it worked. In Sect. IV we show how a
simple, homogeneous coordinate transformation impacts
the continuum limit of the Dirac QW. Sect. V shows the
duality, i.e. how the coordinate transformation can be
absorbed into a choice of local unitaries. Sect. VI con-
tains our main result: a QW that reproduces the Dirac
equation with curvature in the continuum limit, both for
the honeycomb and for the triangular lattices. We use
~ = c = 1 units.
II. DIRAC EQUATION IN CURVED
SPACETIME: A RECAP
A. (3 + 1)—dimensions
In this Section we recall the basic properties of the
Dirac equation in curved spacetime. We refer the reader
to [46–48] for a review. We start by describing the case
of a (3 + 1)–dimensional spacetime with coordinates xµ,
µ = 0, . . . 4, where x0 is the time coordinate, and metric
tensor gµν(x) in these coordinates. At each point x, it is
possible to introduce a set of four vectors {eµa(x)/a, µ =
0, . . . 4}, referred to as the tetrad or vierbein, that locally
diagonalizes the metric tensor i.e.,
gµν(x) = eµ
a(x)eν
b(x)ηab. (1)
3(here and thereafter, summation over repeated indices is
assumed), where ηab = Diag(1,−1,−1,−1). Notice that,
given a vierbein, one can obtain a new one, which would
also satisfy Eq. (1), by performing an arbitrary Lorentz
transformation. The inverse of the vierbein is denoted
eµa (interchanged indices), satisfying
eµa(x)eν
a(x) = δµν , eµ
a(x)eµb(x) = δ
a
b . (2)
Using (1) and (2), one has
gµν(x)e
µ
a(x) e
ν
b(x) = ηab. (3)
Thus, tetrads can be understood as normalized tangent
vectors that relate the original coordinates to a local in-
ertial frame. We use the common convention that in-
ertial coordinates are designated by latin indices, and
original coordinates by greek indices. Latin indices are
lowered and raised by ηab, greek indices by gµν . In the
local inertial frame, one is legitimated to use the Dirac
γ–matrices, i.e. matrices satisfying the Clifford algebra
{γa, γb} =2ηabI. From these, one defines σab = i2 [γa, γb].
Given a Dirac field ψ(x), the action of a local Lorentz
transformation Λab(x) can be written as
ψ → UΛψ, (4)
where
UΛ(x) = e
− i
4
θab(x)σ
ab
, (5)
and θab(x) are the parameters of the transformation,
defined by Λab(x) = δab +θ
a
b(x). One can prove that this
operator acts on Dirac gamma matrices as follows:
UΛ
−1γaUΛ = Λabγb. (6)
With the above notations, the Dirac equation in curved
space
iγaeµa(x)Dµ ψ −mψ = 0, (7)
where m is the particle mass, is invariant under a local
Lorentz transformation provided the generalized deriva-
tive that we use is
Dµ = ∂µ + Γµ, (8)
where Γµ transforms according to
Γν −→ Γ′ν = UΛΓνUΛ−1 − ∂ν (UΛ)UΛ−1. (9)
The correction Γµ to the derivative can then be ob-
tained as [47]
Γµ(x) = − i
4
ωabµ(x)σ
ab, (10)
where ωabµ(x) is the so-called spin connection, and can
be expressed in terms of the tetrads and the affine con-
nection as
ωabν = eµ
a∂νe
µ
b + eµ
aeσbΓ
µ
σν . (11)
From Eq. (7) one can define a four-vector current
jµ =
√
geµaψ¯γ
aψ, (12)
where g is the (absolute value of) the determinant of the
metric, so that it is conserved:
∂µj
µ = 0. (13)
This justifies the normalization condition∫
j0dv =
∫ √
ge00ψ
†ψdv = 1, (14)
with dv the volume element in space.
B. (2 + 1)—dimensions
When the space dimension is lower than 3, the
γ–matrices become 2 × 2. Then, the Dirac Eq. (7) can
be simplified to give
iγa
[
eµa∂µψ+
1
2
√
g
∂µ (e
µ
a
√
g)ψ
]
−mψ = 0. (15)
We will now express this equation in Hamiltonian form.
We name the greek indices µ = t, x, y, and the latin in-
dices a = 0, 1, 2. By performing a local Lorentz trans-
formation, it is possible to arrive to a form of the tetrad
such that eta = 0 for a = 1, 2. Then, by introducing the
change of wavefunction given by [49]:
χ = g1/4(et0)
1/2ψ (16)
and multiplying Eq. (15) by β ≡ γ0, one gets
i∂tχ+
i
2
{Bs, ∂s}χ− m
et0
βχ = 0, (17)
where s = 1, 2, and we have introduced the notation
Bs = αa e
s
a
et0
, with the usual Dirac α–matrices αa ≡ βγa.
In particular, one can make the choice γ0 = σz ,γ1 = iσy
and γ2 = −iσx. Then α0 becomes the identity matrix,
α1 = σx and α2 = σy, with σi (i = 1, 2, 3) the Pauli
matrices.
According to Eqs. (14) and (16), the normalization
condition becomes simply∫
χ†χdv = 1. (18)
III. DIRAC QW
A possible representation of the Dirac equation in flat
spacetime is obtained from Eq. (17) by using the canon-
ical tetrads eµa = δ
µ
a and the choice of Dirac α–matrices
made at the end of Sect. II:
i∂tψ = HDψ with HD = pxσ
x + pyσ
y +mσz. (19)
4where piis the ith component of the momentum operator.
It is now very well-known that one can define a QW
on the lattice that converges, in the limit of both the
lattice spacing and the time step going to zero, to-
wards the solutions of (19). This is done by defining
a Hilbert space H = Hx ⊗Hy ⊗Hc, where Hx ⊗Hy rep-
resents the space degrees of freedom and is spanned by
the basis states |x = εj, y = εk〉 with j, k ∈ Z, whereas
Hc = Span{|c〉/c ∈ {−1, 1}} describes the internal ‘coin’
(spin) degree of freedom. Over Hx ⊗Hy, the pi will now
denote the quasimomentum operators defined by
exp(−iεpx) |x, y〉 = |x+ ε, y〉
exp(−iεpy) |x, y〉 = |x, y + ε〉 . (20)
The Dirac QW will evolve a state ψ(t) into
ψ(t+ ε) = exp(−imεσz) exp(−iεpxσx) exp(−iεpyσy)
≈ exp(−iεHD)ψ(t) (21)
using the Lie-Trotter formula. It follows that one recovers
the Dirac equation (19) in the continuum limit when ε
goes to zero, where the pi become the true momentum
operators pi = −i∂i.
Recently [1] we showed that Dirac dynamics can be
implemented by a QW, not only over square lattices, but
also over the honeycomb and triangular lattices (see also
[20]). The honeycomb lattice QW is easier to introduce.
It defines three directions ui, i = 0, 1, 2 having relative
angles of 120◦, let uji denote their coordinates. The idea
is to introduce three unitary 2×2–matrices τ i with eigen-
values ±1 such that HD can be written as
HD = πiτ
i +mσz, (22)
where πi ≡ ujipj represents the quasimomentum opera-
tor along the ui direction. Then, the corresponding QW
can again be defined by a Lie-Trotter expansion of Eq.
(21), with HD defined in (22). The triangular lattice QW
makes use of a similar setup, although the translations
are generated by rotations of the triangles themselves,
bringing apart the internal components of the field ψ,
which is assumed to ‘live’ in the edges of the triangles,
one component ( ψ↑or ψ↓) on each side.
IV. COORDINATE TRANSFORMATION ON
THE DIRAC EQUATION
The construction of the Dirac equation in curved
spacetime relies on the equivalence principle, which
means that one can introduce a local transformation of
coordinates at a given point, so that one recovers the flat
equation in the neighborhood of that point. The curved
Dirac equation is then that which stems from applying
the reverse the local tranformation, upon the flat Dirac
equation. Our line of thought follows that step, i.e., start-
ing from the flat case Dirac QW, perform an arbitrary
change of coordinates so as to obtain the curved Dirac
QW. Let us begin with just an homogeneous change of
coordinates on the Dirac equation.
First notice that Eq. (3) can be writen as eT ge = η,
where e is just the representation of the tetrads in ma-
tricial form, and T denotes the matrix transpose. Now,
under a global change of coordinates Γ such that x′ = Γx,
the metric g and the vierbein transform as
g 7→ g′ = (ΓT )−1gΓ−1
e 7→ e′ = Γe (23)
This transformation fulfills the tetrads-metric relation,
e′T g′e′ = eTΓT (ΓT )−1gΓ−1Γe = eT ge = η. (24)
Next we start from a QW that reproduces the flat equa-
tion, and introduce a deformation (described by the
transformation Γ) that will end up with a more generic
metric g′. We can make a simple choice, given by the
canonical tetrads eµa = δµa for the initial coordinates,
and then transform them according to Eq. (23). Since
we are considering a deformation of the spatial sites of
the lattice, the time components will be left unchanged,
and the matrix Γ will take the form
Γ =
 1 0 00 λ11 λ12
0 λ21 λ22
 . (25)
where each λij are position independent, although they
are allowed to depend on time.
Under this restriction, we can reduce the problem to a
transformation on a bidimensional space, where et0 = 1,
which implies that Eq. (17) adopts the simpler form
i∂tχ+
i
2
{Bs, ∂s}χ−mβχ = 0. (26)
Let us consider how this transformation will affect the
QW defined on a triangular lattice, as introduced in Sect.
III (see [1]). Such transformation will imply modifying
the vectors ui, yielding the new vectors
u′i =
(
λ11 λ12
λ21 λ22
)
ui ≡ Λui. (27)
Introducing these vectors in our algorithms and cal-
culating the continuum limit, we arrive to the following
equation
i∂tψ = [(λ11σ
x + λ12σ
y) px + (λ21σ
x + λ22σ
y) py]ψ +mσ
z
ψ,
(28)
which describes the Dirac equation on a flat geometry.
A comparison with Eq. (17) gives
Bx = λ11σ
x + λ12σ
y (29)
By = λ21σ
x + λ22σ
y. (30)
This procedure can be used for an homogeneous trans-
formation, such as the one defined above. In the next
section, we introduce an alternative, which consists in
redefining the τ i matrices. As we shall see, this redefi-
nition also allows for an inhomogeneous (i.e., space-time
dependent) Λ(t, x, y) transformation, thereby resulting in
a Dirac equation in curved space.
5V. CURVED DIRAC EQUATION FROM A
NON-HOMOGENEOUS QW
We now generalize the ideas developed in the previous
Sect. with the purpose to obtain, in the continuum limit,
the Dirac equation on a curved spacetime, for a given
metrics with a triangular tetrad, as discussed in Sect. II.
We start by looking at the set of matrices Bs = αa e
s
a
et0
, as
a linear transformation over the set of usual Pauli matri-
ces, in the same spirit as Eqs. (29) and (30). This leads
us to define the transformation Λ(t, x, y), with matrix
elements
Λsa ≡
esa
et0
(31)
(we have omitted the time and space dependence for con-
venience). Then, the above mentioned transformation
reads
Bs = Λsaα
a. (32)
We now make use of the property that relates the τ i
matrices, defined in Eq. (22), with the Pauli matrices:
uki τ
i = σk (see [1]). In this way, we arrive to
Bs = Λsku
k
i τ
i. (33)
The above equation can be understood as a transfor-
mation performed on the ui vectors, c.f. Eq. (27), as the
origin of the curved spacetime equation.
Instead of introducing a distortion Λ(t, x, y) on the lat-
tice via the modification of the ui vectors, the unitary ma-
trices τ i can be transformed to produce the same effect.
In other words, we seek for a set of matrices βi(t, x, y)
that fulfill the following conditions:
• (C1) We impose that
Λjk(t, x, y)u
k
i τ
i = ujiβ
i(t, x, y). (34)
• (C2) Each of them has {−1, 1} as eigenvalues, i.e.
at any time step and at any point (x, y) of the lat-
tice there exist three unitaries Ui(t, x, y) such that
βi(t, x, y) = U †i (t, x, y)σ
zUi(t, x, y). (35)
Notice that condition (C1) implies that the coordinate
transformation dictated by Λjk(t, x, y) is transferred to
the unitary operations, which become new spacetime de-
pendent βi(t, x, y), instead of the original τ i. Addition-
ally, condition (C2) will allow us to rewrite the QW evo-
lution in terms of the usual state-dependent translation
operators. Let us apply these ideas to the honeycomb
and the triangular lattice.
To alleviate the notations, in what follows we will omit
the spacetime dependence both in these matrices and in
the Ui(t, x, y), and write simply β
i and Ui. The above
conditions allow to calculate the βi matrices, which can
be written as a combination of Pauli matrices, i.e. βi =
~ni · ~σ, where each ~ni must be a real, unit vector ~ni =
(sin θi cosφi, sin θi sinφi, cos θi) for some angles θi and φi
(that are time and position dependent).
In this way
βi = U
†
i σzUi =
(
cos θi e
−iφi sin θi
eiφi sin θi − cos θi
)
, (36)
and each Ui can be obtained by diagonalization of the
corresponding βi. With an appropriate choice of phases,
we finally write them as
Ui =
(
e
iφi
2 cos θi2 e
− iφi
2 sin θi2
−e iφi2 sin θi2 e−
iφi
2 cos θi2 ,
)
. (37)
Before we proceed to examine the induced QW on the
honeycomb and triangular lattices together with their
limits, let us discuss what the situation would have been
in the square lattice, had we implement the above pro-
cedure. In this case, the original Dirac matrices can be
chosen to be the Pauli matrices, and the two unit vec-
tors ui can be taken to be the canonical ones, so that the
requirement of Eq. (34) simply becomes
Λjkσ
k = βj . (38)
But then, since condition (C2) implies that det(βj) = −1
for each j, we need that∑
k
(Λjk)
2 = 1. (39)
Thus the square lattice only allows for a limited form of
“duality”, i.e. only those transformations satisfying con-
dition (39) can be absorbed into the unitaries, whereas
the honeycomb and triangular lattices allow for arbitrary
transformations.
VI. CURVED DIRAC QW
A. Honeycomb QW
In this section we define the QW over the honeycomb,
following a similar procedure as in [1]. After the ideas de-
veloped in Sect. V, we define the following Hamiltonian
to be used in the QW:
H = 1
2
uji
(
βipj + pjβ
i
)
+ m˜σz (40)
with m˜ = m/et0. Expanding the Hamiltonian, we arrive
to:
H = −iujiU †i σz∂jUi−
i
2
uji
[
(∂jU
†
i )σzUi − U †i σz(∂jUi)
]
+m˜σz
(41)
After substitution of Eq. (37), one obtains
(∂jU
†
i )σzUi − U †i σz(∂jUi) = −i cos θi∂jφjI, (42)
6with I the identity matrix. Notice that, unlike in the flat
space situation, there is no possible choice of the phases
in the Uis that makes Eq. (42) vanish for all values of
i. One may wonder whether there is a reason behind
this, for example the existence of some topological or
gauge invariant that forbids all these quantities to be
simultaneously zero. This issue might deserve further
investigation in the future. In any case, the additional
term in Eq. (42) that arises from the choice given by Eq.
(37) contributes only as a space-time dependent phase,
which is easy to handle both from the theoretical and
from the experimental point of view. We finally arrive
to:
H =
∑
i
(
U †i σzπiUi + γiI
)
+ m˜σz (43)
where γi = − i2 cos θiπiφi. In order to define the QW,
we make use of the Lie-Trotter product formula to de-
compose the evolution of the wavefunction ψ(t + ǫ) =
e−iǫHψ(t) as a product of unitary matrices
e−iǫ[
∑
i(U
†
i
σzπiUi+γi)+m˜σz] ≈
e−im˜εσ
z
∏
i
e−iǫU
†
i
σzπiUie−iǫγi . (44)
Applying condition (C1), and introducing the translation
operators along the ui direction as Ti = e−iǫσ
zπi , the QW
on a honeycomb can be defined as:
ψ(t+ ǫ) = e−im˜εσ
z
∏
i
U †iTiUie−iǫγi (45)
By construction, in the continuous limit, we arrive to
the Dirac equation in 2+1 curved space-time, under the
form
i∂tψ =
1
2
[
ujiβ
i(t, x, y)pj + u
j
ipjβ
i(t, x, y)
]
ψ + m˜σzψ.
(46)
As expected, this equation can be nicely rewritten under
the form Eq. (17), if we define Bj(t, x, y) ≡ ujiβi(t, x, y).
B. Triangular QW
Let us describe first the dynamics corresponding to the
massless case. Again, we follow the same procedure as
in [1]. The triangles are equilateral, with sides labeled
by k = 0, 1, 2. The two-dimensional spinors are assumed
to lie on the edges shared by neighboring triangles. We
denote them by ψ(t, v, k) =
(
ψ↑(t, v, k)
ψ↓(t, v, k)
)
, with v a tri-
angle and k a side. Therefore, the position at the lattice
will be labeled by (v, k). The dynamics of the Triangu-
lar QW is defined as the composition of three operators.
The first operator consists on the application of the 2×2
unitary matrix Ui(t, v, k), defined in the last section, to
each two-dimensional spinor on every edge shared by two
neighboring triangles. The second operator, R, simply
rotates every triangle anti-clockwise. The third operator
is just the application of the unitary matrix U †i (t, v, k+1)
again at each edge shared by two neighboring triangles,
where the addition k + 1 is understood modulo 2. Alto-
gether, the Triangular QW dynamics is given by:
ψ(t+ ε/3, v, k) = U †i (t, v, k)
[
P ↑Ui(t, v, k − 1)e−iǫγi ψ(t, v, k − 1)
⊕ P ↓Ui(t, e(v, k), k − 1)e−iǫγiψ(t, e(v, k), k − 1)
] ≡Wi(t)ψ(t) (47)
where P ↑ and P ↓ are the projectors over the upper and lower component of the spinor, respectively, and e(t, v, k) is
the neighbor of triangle v alongside k at fixed time t. We define one timestep of the evolution by the composition of
the three operators Wi, and include the mass term, as follows
ψ(t+ ε) = e−im˜εσ
z
(W2W1W0)ψ(t) (48)
By expanding this equation up to first order in ε, after a tedious but straightforward computation, one arrives
to the following equation in the continuum limit:
∂tψ = (U
†
0σ
zU0 − 1
2
U †1σ
zU1 − 1
2
U †2σ
zU2)∂xψ +
√
3
2
(U †1σ
zU1 − U †2σzU2)∂yψ +
∂x(U
†
0σ
zU0 − 1
2
U †1σ
zU1 − 1
2
U †2σ
zU2)ψ +
√
3
2
∂y(U
†
1σ
zU1 − U †2σzU2)ψ − im˜σzψ (49)
where the above terms appear from an expansion at order O(ε).
7Notice that, if we define Bx ≡ (β0 − 12β1 − 12β2), and
By ≡
√
3
2 (β¹ − β²), Eq. (49) adopts the desired form of
(17).
VII. DISCUSSION
We introduced a Quantum Walk (QW) over the hon-
eycomb and the triangular lattice. In both cases, our
starting point was the possibility to rewrite the targeted
Hamiltonian as a sum of momentum operators along the
three relevant directions of the lattice, each weighted by
a suitably chosen gamma matrix. This procedure has
been introduced in [1]—our targeted Hamiltonian was
then that of the Dirac equation, which we recovered in
the continuum limit. In the present work, we realized
that due to the linear dependence of the three preferred
directions of the honeycomb and the triangular lattices,
one could also obtain the Hamiltonian of the Dirac equa-
tion under an arbitrary change of coordinates. We em-
phasized that applying the same procedure, but for the
square lattice, only allows for a very limited set of changes
of coordinates.
Then, by making the gammamatrices to be spacetime de-
pendent, we obtained the Curved Dirac equation in an ar-
bitrary background metric. Overall, the QW hereby con-
structed over the honeycomb and the triangular lattices
thus recovers, in the continuum limit, the Dirac equation
in curved (2+1)–dimensional spacetime. We believe that
the duality between changes of metric, and changes of
gamma matrices weighting non linearly-independent mo-
mentum operators, is profound and may lead to further
developments.
ACKNOWLEDGMENTS
We acknowledge the very enlightening discussion on gen-
eral covariance with Luca Fabbri. This work has been
funded by the INFINITI and the CNRS PEPs Spain-
France PIC2017FR6, the STICAmSud project 16STIC05
FoQCoSS and the Spanish Ministerio de Economía, In-
dustria y Competitividad , MINECO-FEDER project
FPA2017-84543-P, SEV-2014-0398 and Generalitat Va-
lenciana grant GVPROMETEOII2014-087.
[1] P. Arrighi, G. Di Molfetta, I. Márquez-Martín, and
A. Pérez, Phys. Rev. A 97, 062111 (2018).
[2] A. Ambainis, A. M. Childs, B. W. Reichardt, R. Špalek,
and S. Zhang, SIAM Journal on Computing 39, 2513
(2010).
[3] G. Wang, Quantum Info. Comput. 17, 987 (2017).
[4] I. Bialynicki-Birula, Phys. Rev. D. 49, 6920 (1994).
[5] D. A. Meyer, J. Stat. Phys 85, 551 (1996).
[6] R. P. Feynman, International Journal of Theoretical
Physics 21, 467 (1982).
[7] M. Genske, W. Alt, A. Steffen, A. H. Werner, R. F.
Werner, D. Meschede, and A. Alberti, Physical review
letters 110, 190601 (2013).
[8] L. Sansoni, F. Sciarrino, G. Vallone, P. Mataloni,
A. Crespi, R. Ramponi, and R. Osellame, Phys. Rev.
Lett. 108, 010502 (2012).
[9] P. Arrighi, M. Forets, and V. Nesme, “The Dirac equa-
tion as a Quantum Walk: higher-dimensions, conver-
gence,” (2013), pre-print arXiv:1307.3524.
[10] P. Arrighi, S. Facchini, and M. Forets, New Journal of
Physics 16, 093007 (2014).
[11] A. Bisio, G. M. D Ariano, and P. Perinotti, Foundations
of Physics 47, 1065 (2017).
[12] S. Lloyd, “A theory of quantum gravity based on quan-
tum computation,” ArXiv preprint: quant-ph/0501135
(2005).
[13] A. C. Neto, F. Guinea, N. M. Peres, K. S. Novoselov, and
A. K. Geim, Reviews of modern physics 81, 109 (2009).
[14] L. Ye, M. Kang, J. Liu, F. von Cube, C. R. Wicker,
T. Suzuki, C. Jozwiak, A. Bostwick, E. Rotenberg, D. C.
Bell, L. Fu, R. Comin, and J. G. Checkelsky, Nature
555, 638 (2018).
[15] H. Bougroura, H. Aissaoui, N. Chancellor, and
V. Kendon, Physical Review A 94, 1 (2016),
arXiv:arXiv:1611.02991v1.
[16] T. Kitagawa, M. S. Rudner, E. Berg, and E. Dem-
ler, Physical Review A - Atomic, Molecular, and Op-
tical Physics 82 (2010), 10.1103/PhysRevA.82.033429,
arXiv:1003.1729.
[17] T. Regge, Il Nuovo Cimento (1955-1965) 19, 558 (1961).
[18] C. Rovelli, Living Reviews in Relativity 1, 1 (1998).
[19] J. Ambjorn, J. Jurkiewicz, and R. Loll,
Contemporary Physics 47, 103 (2006),
https://doi.org/10.1080/00107510600603344.
[20] G. Jay, F. Debbasch, and J. B. Wang, 1803.01304v1.
[21] S. Succi and R. Benzi, Physica D: Nonlinear Phenomena
69, 327 (1993).
[22] P. J. Dellar, D. Lapitski, S. Palpacelli, and S. Succi,
Phys. Rev. E 83, 046706 (2011).
[23] A. Bisio, G. M. D’Ariano, and A. Tosini, arXiv preprint
arXiv:1212.2839 (2012).
[24] C. Chandrashekar, Scientific reports 3, 2829 (2013).
[25] C. Chandrashekar, S. Banerjee, and R. Srikanth, Phys.
Rev. A. 81, 62340 (2010).
[26] P. Arrighi and S. Facchini, EPL (Europhysics Letters)
104, 60004 (2013).
[27] G. di Molfetta and F. Debbasch, Journal of Mathematical
Physics 53, 123302 (2012).
[28] F. W. Strauch, Physical Review A 73, 054302 (2006).
[29] P. Love and B. Boghosian, Quantum Information Pro-
cessing 4, 335 (2005).
[30] C. Cedzich, T. Rybár, A. Werner, A. Alberti, M. Genske,
and R. Werner, Physical review letters 111, 160601
(2013).
[31] G. Di Molfetta, M. Brachet, and F. Debbasch, Physica
A: Statistical Mechanics and its Applications 397, 157
(2014).
8[32] I. Márquez-Martín, G. Di Molfetta, and A. Pérez, Phys-
ical Review A 95, 042112 (2017).
[33] G. Di Molfetta and A. Pérez, New Journal of Physics 18,
103038 (2016).
[34] P. Arnault, G. Di Molfetta, M. Brachet, and F. Deb-
basch, Physical Review A 94, 012335 (2016).
[35] D. A. Meyer, International Journal of Modern Physics C
8, 717 (1997).
[36] A. Ahlbrecht, A. Alberti, D. Meschede, V. B. Scholz,
A. H. Werner, and R. F. Werner, New Journal of Physics
14, 073050 (2012).
[37] G. Di Molfetta, M. Brachet, and F. Debbasch, Physical
Review A 88, 042301 (2013).
[38] P. Arrighi, S. Facchini, and M. Forets, Quantum Infor-
mation Processing 15, 3467 (2016).
[39] P. Arnault and F. Debbasch, Annals of Physics 383, 645
(2017).
[40] P. Arrighi and F. Facchini, Quantum Information and
Computation 17, 0810 (2017), arXiv:1609.00305.
[41] T. Stegmann and N. Szpak, New Journal of Physics 18,
053016 (2016).
[42] R. Kerner, G. G. Naumis, and W. A. Gómez-Arias,
Physica B: Condensed Matter 407, 2002 (2012).
[43] G. Abal, R. Donangelo, F. L. Marquezino, and R. Por-
tugal, Mathematical Structures in Computer Science 20,
999 (2010), arXiv:1001.1139.
[44] I. Foulger, S. Gnutzmann, and G. Tanner, Physical Re-
view A - Atomic, Molecular, and Optical Physics 91, 1
(2015), arXiv:arXiv:1312.3852v1.
[45] I. G. Karafyllidis, Journal of Computational Science 11,
326 (2015).
[46] I. D. Lawrie, Unified grand tour of theoretical physics,
2nd ed. (Taylor & Francis, New York, 2001).
[47] C. Koke, C. Noh, and D. G. Angelakis, Annals of Physics
374, 162 (2016).
[48] J. Yepez, 1106.2037v1.
[49] C. De Oliveira and J. Tiomno, Il Nuovo Cimento 24, 672
(1962).
